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Weyl--Heisenberg Ensembles {#Sec2}
--------------------------

We study the class of determinantal point processes on $\documentclass[12pt]{minimal}
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                \begin{document}$$(x,\xi ), (x^{\prime },\xi ^{\prime }) \in \mathbb {R}^{2d}$$\end{document}$. These determinantal point processes are called Weyl--Heisenberg ensembles (WH ensembles) and have been introduced recently in \[[@CR8]\]. They form a large class of translation-invariant hyperuniform point processes \[[@CR36], [@CR55], [@CR61]\].

The prototype of a Weyl--Heisenberg ensemble is the complex Ginibre ensemble. Choosing *g* in ([1.1](#Equ1){ref-type=""}) to be the Gaussian $\documentclass[12pt]{minimal}
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                \begin{document}$$K_\infty (z,z^{\prime })= e^{-\frac{\pi }{2} (\left| z\right| ^{2}+\left| z^{\prime }\right| ^{2})}e^{\pi z\overline{z^{\prime }}}$$\end{document}$. Another important class of examples arises by choosing *g* to be a Hermite function. In this case one obtains a pure polyanalytic Ginibre ensemble \[[@CR8], [@CR57]\], which models the electron density in a single (pure) higher Landau level (see Sect. [A.5](#Sec38){ref-type="sec"} for some background).
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                \begin{document}$$K_\infty $$\end{document}$ arises as limit of corresponding processes with *N* points, whose kernels$$\documentclass[12pt]{minimal}
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                \begin{document}$$e^{\pi z \overline{z^{\prime }}}$$\end{document}$. It is not obvious how to obtain the analogous finite-dimensional process for a general Weyl--Heisenberg ensemble ([1.1](#Equ1){ref-type=""}), because for most choices of $\documentclass[12pt]{minimal}
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                \begin{document}$${K^g}$$\end{document}$. We present a canonical construction of finite Weyl--Heisenberg ensembles and show that they enjoy properties similar to the finite Ginibre ensemble. The construction and analysis is based on spectral theory of Toeplitz-like operators and harmonic analysis of phase space.

The abstract construction is instrumental to study the asymptotic properties of a particularly important class of finite-dimensional determinantal point processes, namely the finite pure polyanalytic Ginibre ensembles, which model the electron density in higher Landau levels. This is an example where the Plancherel--Rotach asymptotics of the basis functions are not available. Moreover, the relevant polynomials do not satisfy the classical three-term recurrence relations which are used in Riemann--Hilbert type methods \[[@CR25], [@CR27]\]. We develop a new approach based on spectral methods and harmonic analysis in phase space and show that the finite WH ensembles associated with a Hermite function are asymptotically close to finite polyanalytic ensembles. Thus, our analysis of the finite polyanalytic ensembles has two steps: (i) the abstract construction of finite WH ensembles and their thermodynamic limits; (ii) the comparison of the finite WH ensembles associated with Hermite functions and the finite pure polyanalytic ensembles.
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The complex Hermite polynomials are given by$$\documentclass[12pt]{minimal}
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The complex Hermite polynomials form a complete set of eigenfunctions of the Landau operator$$\documentclass[12pt]{minimal}
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                \begin{document}$$L^{2}( \mathbb {C}, e^{-\pi \left| z\right| ^{2}}) $$\end{document}$. The Landau operator is the Schrödinger operator that models the behavior of an electron in $\documentclass[12pt]{minimal}
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                \begin{document}$$L_{z}$$\end{document}$, i.e., the set of possible energy levels, is given by $\documentclass[12pt]{minimal}
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                \begin{document}$$r\pi $$\end{document}$ is called the *Landau level of orderr*. For the minimal energy $\documentclass[12pt]{minimal}
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                \begin{document}$$\{ H_{j,r}: j\in {\mathbb {N}}\}$$\end{document}$. The Landau levels are key for the mathematical formulation of the integer quantum Hall effect discovered by von Klitzing \[[@CR64]\].

We will consider a variety of ensembles associated with the complex Hermite polynomials.

### Definition 1.1 {#FPar1}
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                \begin{document}$$J \subseteq {\mathbb {N}}_{0}\times {\mathbb {N}}_{0}$$\end{document}$. The planar Hermite ensemble based on *J* is the determinantal point process with the correlation kernel$$\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{z}$$\end{document}$ with analytic coefficients (see Sect. [A.4](#Sec37){ref-type="sec"}). While most classes of orthogonal polynomials satisfy a three-term recurrence relation---which puts them in the scope of Riemann-Hilbert type techniques \[[@CR25], [@CR27]\]---the complex Hermite polynomials satisfy instead a system of doubly-indexed recurrence relations \[[@CR34], [@CR45]\].

Several important determinantal point processes arise as special cases of ([1.7](#Equ7){ref-type=""}). First, since $\documentclass[12pt]{minimal}
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                \begin{document}$$n,m \in \mathbb {N}$$\end{document}$. The corresponding one-point intensity is a radial version of the marginal probability density function of the unordered eigenvalues of a complex Gaussian Wishart matrix after the change of variables $\documentclass[12pt]{minimal}
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                \begin{document}$$ J=\{0,\ldots ,N-1\}\times \{0,\ldots ,q-1\}$$\end{document}$ one obtains the polyanalytic Ginibre ensemble introduced by Haimi and Hedenmalm \[[@CR40]\]. The polyanalytic Ginibre ensemble gives the probability distribution of a system composed by several Landau levels. The case of more general interaction potentials has been investigated in \[[@CR40], [@CR41]\], by considering polyanalytic Ginibre ensembles with general weights. These investigations parallel the ones of weighted Ginibre ensembles \[[@CR9]--[@CR11]\].

We are particularly interested in finite versions of the infinite pure polyanalytic ensembles defined by Shirai \[[@CR57]\]. The infinite ensembles are defined by the reproducing kernels of an eigenspace of the Landau operator ([1.6](#Equ6){ref-type=""}) which is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} K_{r,N}(z,z^{\prime })= e^{-\frac{\pi }{2} (\left| z\right| ^{2}+\left| z^{\prime }\right| ^{2})} \sum _{j=0}^{N-1} H_{j,r} \left( z,\overline{z} \right) \overline{H_{j,r}\left( z^{\prime },\overline{z^{\prime }}\right) }. \end{aligned}$$\end{document}$$While pure polyanalytic ensembles describe individual Landau levels, their finite counterparts model a finite number of particles confined to a certain disk (for example, as the result of a radial potential). In this article, we prove the following theorem, which supports this interpretation, and provides a rate of convergence for the one-point intensity related to each Landau level.

### Theorem 1.2 {#FPar2}
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The convergence rate in Theorem [1.2](#FPar2){ref-type="sec"} is independent of the energy level *r* of the Landau operator. It is known to be sharp for the first Landau level $\documentclass[12pt]{minimal}
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In statistical terms, ([1.10](#Equ10){ref-type=""}) means that the number of points of the (*r*, *N*)-pure polyanalytic Ginibre ensemble that belong to a certain domain $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathbb {E}\{ n_{r,N}(A) \} = \left| \mathbb {D}_{\sqrt{N/\pi }} \cap A \right| + \mathcal {O}\big (\sqrt{N}\big ). \end{aligned}$$\end{document}$$Theorem [1.2](#FPar2){ref-type="sec"} supports and validates the interpretation of finite pure polyanalytic ensembles as models for *N* particles confined to a disk by giving asymptotics for the first order statistics ([1.11](#Equ11){ref-type=""}) that indeed show concentration on the disk area *N*, up to an error comparable to the perimeter of that disk. In addition, ([1.11](#Equ11){ref-type=""}) implies that, after proper rescaling, the particles are, in expectation, asymptotically equidistributed on the disk. This statistical description is consistent with the notion of a *filling factor* of each Landau level---that is, a certain limit to the number of particles that each level can accommodate. The incremental saturation of each individual Landau level, corresponding to incremental energy levels, is part of the mathematical description of the integer quantum Hall effect discovered by von Klitzing \[[@CR64]\]. (The integer quantum Hall effect is not to be confused with the fractional quantum Hall effect, whose mathematical formulation is related to the Laughlin's wave function \[[@CR48]\] and the so-called beta-ensembles \[[@CR18], [@CR19]\].)

As a first step towards a description of finite pure polyanalytic ensembles, we introduce a general construction of finite versions of Weyl--Heisenberg ensembles that may be of independent interest.

Finite Weyl--Heisenberg Ensembles {#Sec4}
---------------------------------

The construction of finite WH ensembles relies on methods from harmonic analysis on phase space \[[@CR32], [@CR33]\], and on the spectral analysis of phase-space Toeplitz operators. Write $\documentclass[12pt]{minimal}
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Scaled Limits and Rates of Convergence {#Sec5}
--------------------------------------

We now discuss how finite WH ensembles behave when the number of points tends to infinity. Let$$\documentclass[12pt]{minimal}
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In view of Theorem [1.4](#FPar4){ref-type="sec"} we will quantify the deviation of the finite WH ensemble from its limit distribution in the $\documentclass[12pt]{minimal}
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### Theorem 1.5 {#FPar5}
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The condition on the window *g* in ([1.27](#Equ27){ref-type=""}) amounts to mild decay in the time and frequency variables, and is satisfied by every Schwartz function. See Sects. [5.1](#Sec24){ref-type="sec"} and [A.3](#Sec36){ref-type="sec"} for a discussion on closely-related function classes. The error rate in Theorem [1.5](#FPar5){ref-type="sec"} is sharp---see \[[@CR7], Theorem 1.6\]. Intuitively, in ([1.28](#Equ28){ref-type=""}) we compare the continuous function $\documentclass[12pt]{minimal}
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Approximation of Finite Polyanalytic Ensembles by WH Ensembles {#Sec6}
--------------------------------------------------------------

The second ingredient towards the proof of Theorem [1.2](#FPar2){ref-type="sec"} is a comparison result that bounds the deviation between finite pure polyanalytic ensembles and finite WH ensembles with Hermite window functions. Before stating the result, some preparation is required. We consider the following transformation, which is usually called a gauge transformation, and the change of variables $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f^*(z):=f( \overline{z})$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z \in {\mathbb {C}}^d$$\end{document}$. Given an operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T: L^2({\mathbb {R}^{2d}}) \rightarrow L^2( {\mathbb {R}^{2d}})$$\end{document}$ we denote:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left[ {\widetilde{T}} f \right] ^* := \overline{m} \, T(f^* \, m), \qquad m(x,\xi ) := e^{-\pi i x \xi }. \end{aligned}$$\end{document}$$Hence, if *T* has the integral kernel *K*, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\widetilde{T}}$$\end{document}$ has the integral kernel$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\widetilde{K}}(z,z^{\prime })=e^{ \pi i (x^{\prime }\xi ^{\prime }- x \xi )} K \left( \overline{z},\overline{z^{\prime }} \right) , \qquad z=x+ i \xi ,\, z^{\prime }=x^{\prime }+i\xi ^{\prime }. \end{aligned}$$\end{document}$$(See Sect. [1](#Sec33){ref-type="sec"} for details). We call the operation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K \mapsto {\widetilde{K}}$$\end{document}$ a renormalization of the kernel *K*. With this notation, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${K^g}$$\end{document}$ is the kernel in ([1.2](#Equ2){ref-type=""}) and *g* is the Gaussian window, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widetilde{K}_g$$\end{document}$ is the kernel of the infinite Ginibre ensemble. In addition, the DPP's on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ {\mathbb {C}}^d$$\end{document}$ associated with the kernels *K* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widetilde{K}$$\end{document}$ are related by the transformation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z \mapsto \overline{z}$$\end{document}$. Now, let the window *g* be a Hermite function$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} h_{r}(t) = \frac{2^{1/4}}{\sqrt{r!}}\left( \frac{-1}{2\sqrt{\pi }}\right) ^r e^{\pi t^2} \frac{d^r}{dt^r}\left( e^{-2\pi t^2}\right) , \qquad r \ge 0. \end{aligned}$$\end{document}$$The corresponding kernel $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K_{h_r}$$\end{document}$ describes (after the renormalization above) the orthogonal projection onto the Bargmann-Fock space of pure polyanalytic functions of type *r* (see Sect. [A.4](#Sec37){ref-type="sec"}).

Let us consider a Toeplitz operator on $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\widetilde{K}}_{h_r,D_{R}}(z,z^{\prime })=e^{ -\frac{\pi }{2} (\left| z\right| ^{2}+\left| z^{\prime }\right| ^{2})}\sum _{j=1} ^{N_{D_{R}} } H_{\sigma (j),r}(z,\overline{z}) \overline{H_{\sigma (j),r}(z^{\prime }, \overline{z^{\prime }})}. \end{aligned}$$\end{document}$$Comparing the correlation kernels of the finite pure polyanalytic ensemble ([1.8](#Equ8){ref-type=""}) with the finite (renormalized) WH ensemble with a Hermite window ([1.32](#Equ32){ref-type=""}), we see that in each case different subsets of the complex Hermite basis intervene: in one case functions are ordered according to their Hermite index, while in the other they are ordered according to the magnitude of their eigenvalues.
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                \begin{document}$$\widetilde{M}^{h_1}_{D_R}$$\end{document}$, as a function of *R*, corresponding to the eigenfunctions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_{0,1}(z, \overline{z}) e^{-\tfrac{\pi }{2}\left| z \right| ^2}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$H_{1,0}$$\end{document}$, and thus for small *N*, the kernels in ([1.8](#Equ8){ref-type=""}) and ([1.32](#Equ32){ref-type=""}) do not coincide. The following result shows that this difference is asymptotically negligible.

### Theorem 1.6 {#FPar6}
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                \begin{document}$$K_{h_r, D_{R}}$$\end{document}$ be the correlation kernel of the finite Weyl--Heisenberg ensemble associated with the Hermite window $\documentclass[12pt]{minimal}
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                \begin{document}$$K_{r,N}$$\end{document}$ the correlation kernel of the (*r*, *N*)-pure polyanalytic ensemble given by ([1.8](#Equ8){ref-type=""}). Then$$\documentclass[12pt]{minimal}
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                \begin{document}$$\left\| \cdot \right\| _{S^1}$$\end{document}$ denotes the trace-norm of the corresponding integral operators.

Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left\| K_{h_r, D_{R}}\right\| _{S^1} = \left\| K_{r,N}\right\| _{S^1} = N$$\end{document}$, the finite pure polyanalytic ensemble---defined by a lexicographic criterion---is asymptotically equivalent to a finite WH ensemble - defined by optimizing phase-space concentration. To derive Theorem [1.6](#FPar6){ref-type="sec"}, we resort to methods from harmonic analysis on phase space. More precisely, we will use Weyl's correspondence and account for the difference between ([1.32](#Equ32){ref-type=""}) and ([1.8](#Equ8){ref-type=""}) as the error introduced by using two different variants of Berezin's quantization rule (anti-Wick calculus).Fig. 4A plot of the eigenvalues $\documentclass[12pt]{minimal}
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Finally, Theorem [1.2](#FPar2){ref-type="sec"} follows by combining the comparison result in Theorem [1.6](#FPar6){ref-type="sec"} with the asymptotics in Theorem [1.5](#FPar5){ref-type="sec"} applied to Hermite windows---see Sect. [5.4](#Sec27){ref-type="sec"}. This argument is reminiscent of Lubinsky's localization principle \[[@CR50]\] that concerns deviations between kernels of orthogonal polynomials. In the present context, the difference between the two kernels does not stem from an order relation between two measures, but from a permutation of the basis functions.

Simultaneous Observability {#Sec7}
--------------------------

The independence of the eigenfunctions of $\documentclass[12pt]{minimal}
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                \begin{document}$$M_{D_R}^{h_r}$$\end{document}$ of the radius *R* yields another property of the (finite and infinite) *r*-pure polyanalytic ensembles.

### Theorem 1.7 {#FPar7}
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                \begin{document}$$R>0$$\end{document}$. In the terminology of determinantal point processes this means that the family of disks $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{D_R: R>0\}$$\end{document}$ is simultaneously observable for all *r*-pure polyanalytic ensembles.

This recovers and slightly extends a result of Shirai \[[@CR57]\]. As an application, we obtain an extension of Kostlan's theorem \[[@CR47]\] on the absolute values of the points of the Ginibre ensemble of dimension *N*.

### Theorem 1.8 {#FPar8}

The set of absolute values of the points distributed according to the *r*-pure polyanalytic Ginibre ensemble has the same distribution as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{Y_{1,r},\ldots ,Y_{n,r}\}$$\end{document}$, where the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Y_{j}$$\end{document}$'s are independent and have density$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} f_{Y_{j}}(x):=2 \frac{\pi ^{j-r+1} r!}{j!} x^{2(j-r)+1}\left[ L_{r}^{j-r}(\pi x^2)\right] ^{2}e^{-\pi x^2}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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Organization {#Sec8}
------------

Section [2](#Sec9){ref-type="sec"} presents tools from phase-space analysis, including the short-time Fourier transform and Weyl's correspondence. Section [3](#Sec16){ref-type="sec"} studies finite WH ensembles and more technical variants required for the identification of finite polyanalytic ensembles as WH ensembles with Hermite windows. This identification is carried out in Sect. [4](#Sec19){ref-type="sec"} by means of symmetry arguments. The approximate identification of finite polyanalytic ensembles with finite WH ensembles is finished in Sect. [5](#Sec23){ref-type="sec"} and gives a comparison of the processes defined by truncating the complex Hermite expansion on the one hand, and by the abstract concentration and spectral truncation method on the other. We explain the deviation between the two ensembles as stemming from two different quantization rules. The proof resorts to a Sobolev embedding for certain symbol classes known as modulation spaces. Some of the technical details are postponed to the appendix. Theorem [1.2](#FPar2){ref-type="sec"} is proved in Sect. [5](#Sec23){ref-type="sec"}. In Sect. [6](#Sec28){ref-type="sec"} we apply the symmetry argument from Sect. [4](#Sec19){ref-type="sec"} to rederive the so-called simultaneous observability of polyanalytic ensembles. We also clarify the relation between the spectral expansions of the restriction and Toeplitz kernels. Finally, the appendix provides some background material on determinantal point processes, a certain symbol class for pseudo-differential operators, functions of bounded variation, and polyanalytic spaces.

Harmonic Analysis on Phase Space {#Sec9}
================================

In this section we briefly discuss our tools. These methods from harmonic analysis are new in the study of determinantal point processes.

The Short-Time Fourier Transform {#Sec10}
--------------------------------
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                \begin{document}$$\begin{aligned} V_{g}f(x,\xi )=\int _{{\mathbb {R}^d}} f(t) \overline{g(t-x)} e^{-2\pi i \xi t} dt, \qquad (x,\xi ) \in {\mathbb {R}^{2d}}. \end{aligned}$$\end{document}$$The short-time Fourier transform is closely related to the Schrödinger representation of the Heisenberg group, which is implemented by the operators$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} T(x,\xi ,\tau )g(t)=e^{2\pi i\tau }e^{-\pi ix\xi }e^{2\pi i\xi t}g(t-x), \qquad (x, \xi ) \in {\mathbb {R}^d}, \tau \in {\mathbb {R}}. \end{aligned}$$\end{document}$$The corresponding representation coefficients are$$\documentclass[12pt]{minimal}
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                \begin{document}$$\tau $$\end{document}$ occuring in the Schrödinger representation is unnecessary for DPPs, we will only use the short-time Fourier transform. We identify a pair $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\langle V_{g_{1}}f_{1},V_{g_{2}}f_{2}\right\rangle _{L^2({{\mathbb {R}}^{2d}} )} =\left\langle f_{1},f_{2}\right\rangle _{L^2({\mathbb {R}}^d )} \overline{\left\langle g_{1},g_{2}\right\rangle }_{L^2({\mathbb {R}}^d )}. \end{aligned}$$\end{document}$$In particular, when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\mathbb {R}^{2d}$$\end{document}$, this formula is usually called the *covariance property* of the short-time Fourier transform.

Special Windows {#Sec11}
---------------

If we choose the Gaussian function $\documentclass[12pt]{minimal}
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The Range of the Short-Time Fourier Transform {#Sec12}
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Metaplectic Rotation {#Sec13}
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Time-Frequency Localization and Toeplitz Operators {#Sec14}
--------------------------------------------------
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Time-frequency localization operators are useful in signal processing because they model time-varying filters. For Gaussian windows, they have been studied in signal processing by Daubechies \[[@CR22]\] and as Toeplitz operators on spaces of analytic functions by Seip \[[@CR56]\]; see also \[[@CR6], Section 1.4\]. When $\documentclass[12pt]{minimal}
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Finite Weyl--Heisenberg Ensembles {#Sec16}
=================================

Definitions {#Sec17}
-----------
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### Remark 3.1 {#FPar9}
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Universality and Rates of Convergence {#Sec18}
-------------------------------------
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### Lemma 3.2 {#FPar10}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _{g,\Omega ,I}$$\end{document}$ be the one-point intensity of a WH ensemble $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {X}^g_{\Omega ,I}$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\#I < \infty $$\end{document}$. Then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} ||\rho _{g,\Omega ,I}-1_\Omega ||_{L^1({\mathbb {R}^{2d}})} = \#I-\left| \Omega \right| + 2 \sum _{j \notin I} \lambda _{j}^{\Omega }. \end{aligned}$$\end{document}$$
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Hermite Windows and Polyanalytic Ensembles {#Sec19}
==========================================

Eigenfunctions of Toeplitz Operators {#Sec20}
------------------------------------

We first investigate the eigenfunctions of Toeplitz operators with Hermite windows $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{h_r: r \ge 0\}$$\end{document}$ and circular domains.
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Eigenvalues of Toeplitz Operators {#Sec21}
---------------------------------

As a second step to identify polyanalytic ensembles as WH ensembles, we inspect the eigenvalues of Toeplitz operators.

### Lemma 4.2 {#FPar14}
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### Proof {#FPar15}
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### Remark 4.3 {#FPar16}
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Identification as a WH Ensemble {#Sec22}
-------------------------------

We can now identify finite pure polyanalytic ensembles as WH ensembles.

### Proposition 4.4 {#FPar17}
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As a consequence, we obtain the following.

### Proposition 4.5 {#FPar19}
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### Proof {#FPar20}
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While Proposition [4.5](#FPar19){ref-type="sec"} identifies finite pure polyanalytic ensembles with WH ensembles in the generalized sense of Sect. [3](#Sec16){ref-type="sec"} , this is just a technical step. Our final goal is to compare finite polyanalytic ensembles with finite WH ensembles in the sense of Definition [1.3](#FPar3){ref-type="sec"}, where the index set is $\documentclass[12pt]{minimal}
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### Proof {#FPar22}

The claim amounts to saying that the eigenvalues $\documentclass[12pt]{minimal}
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Comparison Between Finite WH and Polyanalytic Ensembles {#Sec23}
=======================================================

Having identified finite pure polyanalytic ensembles as WH ensembles associated with a certain subset of eigenfunctions *I*, we now investigate how much this choice deviates from the standard one $\documentclass[12pt]{minimal}
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Change of Quantization {#Sec24}
----------------------

As a main technical step, we show that the change of the window of a time-frequency localization operator affects the distribution of the corresponding eigenvalues in a way that is controlled by the perimeter of the localization domain. When *g* is a Gaussian, the map $\documentclass[12pt]{minimal}
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### Proposition 5.1 {#FPar23}
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The next lemma will allow us to exploit cancellation properties in the $\documentclass[12pt]{minimal}
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### Lemma 5.2 {#FPar24}
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We can now derive the main technical result. Its statement uses the space of $\documentclass[12pt]{minimal}
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### Theorem 5.3 {#FPar25}
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### Proof of Theorem 5.3 {#FPar26}

Let us assume first that *m* is smooth and compactly supported. We use the description of time-frequency localization operators as Weyl operators. By ([2.18](#Equ50){ref-type=""}), $\documentclass[12pt]{minimal}
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Comparison of Correlation Kernels {#Sec25}
---------------------------------

We now state and prove the main result on the comparison between finite WH ensembles associated with different subsets of eigenfunctions.

### Theorem 5.4 {#FPar27}
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### Proof {#FPar28}

*Step 1: Comparison of different polyanalytic levels.* We consider two eigen-expansions of the Toeplitz operator $\documentclass[12pt]{minimal}
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Transference to Finite Pure Polyanalytic Ensembles {#Sec26}
--------------------------------------------------

### Proof of Theorem 1.6 {#FPar29}

We use Proposition [4.5](#FPar19){ref-type="sec"} to identify the (*r*, *N*)-polyanalytic ensemble with a Weyl--Heisenberg ensemble with parameters $\documentclass[12pt]{minimal}
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The One-Point Intensity of Finite Polyanalytic Ensembles {#Sec27}
--------------------------------------------------------

### Proof of Theorem 1.2 {#FPar30}

We use the notation of Theorem [5.4](#FPar27){ref-type="sec"}; in particular $\documentclass[12pt]{minimal}
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Note that the proofs of Theorems [5.4](#FPar27){ref-type="sec"} and [1.2](#FPar2){ref-type="sec"} combine our main insights: the identification of the finite polyanalytic ensembles with certain WH ensembles, the analysis of the spectrum of time-frequency localization operators and Toeplitz operators, and the non-asymptotic estimates of the accumulated spectrum.

Double Orthogonality {#Sec28}
====================

Restriction Versus Localization {#Sec29}
-------------------------------
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Simultaneous Observability {#Sec30}
--------------------------
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### Proof {#FPar32}
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As a consequence, we obtain Theorem [1.7](#FPar7){ref-type="sec"}, which we restate for convenience.

### Theorem 1.7 {#FPar33}
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### Proof {#FPar34}
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An Extension of Kostlan's Theorem {#Sec31}
---------------------------------

Theorem [1.8](#FPar8){ref-type="sec"} is a consequence of the following slightly more general result.

### Theorem 6.2 {#FPar35}
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### Proof {#FPar36}
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### Remark 6.3 {#FPar37}

Let *n*(*R*) denote the number of points of a point process in the disk of radius *R* centered at the origin. An immediate consequence of Theorem [6.2](#FPar35){ref-type="sec"} is the following formula for the probability of finding such a disk void of points, when the points are distributed according to the a polyanalytic Ginibre ensemble of the pure type:$$\documentclass[12pt]{minimal}
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Appendix A: Additional Background Material {#Sec32}
==========================================

Determinantal Point Processes and Intensities {#Sec33}
---------------------------------------------

We follow the presentation of \[[@CR15], [@CR44]\]. Let $\documentclass[12pt]{minimal}
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### Lemma A.1 {#FPar38}
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Recall the definition of the modulation space $\documentclass[12pt]{minimal}
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We now prove the Sobolev embedding lemma that was used in Sect. [5.1](#Sec24){ref-type="sec"}.
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Pure Polyanalytic-Fock Spaces {#Sec38}
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The complex Hermite polynomials ([1.4](#Equ4){ref-type=""}) provide a natural way of defining a polynomial subspace of the true polyanalytic space:$$\documentclass[12pt]{minimal}
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Perelomov \[[@CR53]\] mentions that ([1.4](#Equ4){ref-type=""}) has been used by Feynman and Schwinger as the explicit expression for the matrix elements of the displacement operator in Bargmann-Fock space.

The first Landau level is also called *ground level* because it corresponds to the lowest energy.

See also \[[@CR51], Proposition 14\] and \[[@CR20]\], where it is pointed out that the sharp rate for the ground level also follows from pointwise estimates for Bergman kernels \[[@CR60]\].
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